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Abstract-m this paper, we study the semicycles of solutions of neutral delay difference equation 
a(~, + P~Y+~) + qnyn-a = 0, where {pm) and {%I are sequences of nonnegative real numbers, 
7 and LJ are positive integers. Upper bound of numbers of terms of semicycles are determined. @ 2000 
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1. INTRODUCTION 
Consider the neutral delay difference equation 
NY, + Knin-r) + qnyn_,, = o, n=0,1,2 ,..., (1) 
where {pn} and {qn} are sequences of nonnegative real numbers, r and u are positive integers. 
The forward difference A is defined as usual, i.e., Ayn = ym+r - yn. 
The neutral delay difference equations arise in a number of important applications including 
problems in population dynamics when maturation and gestation are included, in “cobweb” 
models in economics where demand depends on current price but supply depends on the price 
at an earlier time, and in electrical transmission in lossless transmission lines between circuits in 
high speed computers. 
Recently, there have been a lot of activities concerning the oscillations of neutral delay difference 
equations. See for example [l-11]. In particular, Some sufficient conditions for oscillation of 
equation (1) have been established. In addition, some results concerning the semicycle of solutions 
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of second-order ordinary difference quations have been obtained in [12]. However, to the best 
of our knowledge, nothing has been done with the semicycles of solutions of neutral difference 
equations. Our purpose in this paper is to study the semicycles of solutions of equation (1). In 
Section 2, we determine upper bound of numbers of terms of semicycles. 
The following definitions can be found in [1,12,13]. 
DEFINITION 1. (See [1,13].) A solution {Yn} of equation (1) is said to oscillate about zero or 
simply to oscillate i f  the terms Yn of  the sequence {Yn} are neither eventually all positive nor 
eventually all negative. Otherwise, the solution is called nonoscillatory. 
DEFINITION 2. (See [12].) Let k* = max{r,a}.  A positive semicycle of  a solution {Yn} of 
equation (1) consists of  a "string" of  terms {Yl, yl+ l , . . . ,  ym}, all greater than or equal to zero, 
with l > -k*  and m < oc and such that 
either l = -k*  or 1 > -k*  and Yl-1 < O, 
and 
either m = c~ or m < oo and Ym+l < O. 
A negative semicycle of a solution {Yn} consists of  a "string" of terms {Yl, Y l+l , . . . ,  Ym}, all less 
than zero, with 1 >_ -k*  and m < oo and such that 
either 1 = -k*  or l > -k*  and Yl-1 >_ 0, 
and 
either m = cx) or m < oc and Ym+l ~- O. 
Clearly, an oscillatory solution of equation (1) must  have infinitely many or a finite number  of  
semicycles. 
2. MAIN  RESULTS 
For convenience, we set rn ~ Pn--aqn/qn--r. 
THEOREM 1. Assume that 
(H1) Pn->0, qn > O, rn+l <_ rn, a > r > O, 
(H2) there exist no >_ 0 and positive constant a such that 
,~-1 qi > a > - - 
l -b r i+r_a  -- ~ -- T ~- I 
i=n~-r--~ 
for n >_ no. (2) 
Then the following statements are true. 
(a) Every nontrivial solution of equation (1) oscillates. 
(b) Every negative semicycle of  every eventually nontrivial solution of  equation (1) on {no, no + 
1, . . .  } has at most 2~r + N(a  - T) terms, and every positive semicycle of  every eventually 
nontriviM solution of equation (1) {no, no + 1 . . . .  } has at most 2a + N(a  - r) consecutive 
terms greater than zero, where 
{1[ ] wheni ' ) 
N --- /n2(1 - a) - 21ha a - T a-r+1 (3) 
2+ lna -b(a -T -~-~l~(a - - - - r -~-~- ln (a - r ) ) '  when a-- -TT1 <a<l ,  
and [.] denotes the greatest integer function. 
(c) Every positive semicycle of  every eventually nontrivial solution of equation (1) has at 
most ~ consecutive terms equal to zero. 
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PROOFS. 
PROOF (a) AND (b). 
equation (1) such that Yn > 0 on {nl, ni + 1 , . . . ,  nl + 2a + N(a  - r)} for any ni >_ no. 
Let 
Then we have 
Otherwise, without loss of generality, we assume that {Yn} is a solution of 
xn = yn + PnYn-~', for n > nl q- 7-. 
xn > 0, for n E {ni + ' r , . . . ,n l  + 2a + N(a -  r)} 
and 
Axn = -qnYn-~ < 0, for n E {hi  + a , . . . ,n i  + 2a + N(a -  T)}. 
From (1) and (4), we have 
Axn = -qnYn-~ = -qn  ( x~-~ - Pn-~ Y~- ~-~ )
P~-aqn 
: --qnXn_a l.iXn_r. 
am- 
That is, 
Axn + rnAxn- r  + qnXn-a = O, 
(4) 
(5) 
(6) 
Set 
(7) 
for n > nl + T q- (r. (8) 
zn = xn + rnxn-~,  for n > ni + 2r. (9) 
(10) 
From (5) and (9), we have 
zn > 0, for n E {nl + 2r , . . . ,n l  + 2a + N(a  - T)} 
and 
Az  n = AX n q- Arnxn_  r -q- rnAXn_~-, 
By (8) and (11), we get 
for n > ni + 2~-. (11) 
Azn = Arnxn- r  - qnXn-a < 0, for n E {hi + T + ~r , . . . ,n l  + 2a + N(a  - T)}. 
Since x~ is decreasing in {nl + a , . . . ,  nl + 2a + N(a  - 7)}, by (9) we have 
zn < (1 +r~)xn_ , ,  for n E {nl + r + a , . . . ,n l  +2a  + N(a -  r)}, 
(12) 
and so 
(13) 
zn+~-a , fo rnE{n l+2a, . . . ,n l+2a+N(a- -T )} .  (14) 
Xn-a > 1 q- rn+r-a 
Substituting (14) into (12), we have 
Azn q- qn Zn+r-cr < Arnxn- r  <- 0, 
1 ÷ rn+r_a 
for n ~ {n l  + 2a , . . . ,  n l  + 2a + N(a  - r)}. (15) 
Next, for convenience, we set 
hn= qn and k=cr - r .  
1 q- rn+r-a 
Thus, (15) implies that 
Azn + hnzn-k  <_ O, 
We consider the following two cases. 
(16) 
for n E (n l  + 2a , . . . ,n l  + 2a + Nk}.  (17) 
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CASE 1. a>l .  
In this case, N = 1. Equation (12) implies that  Zn is nonincreasing on {nl + T + a . . . .  , nl  + 
2o. + k}, and thus, 
Zn >__ Zn,+2a, for n E {nl + T q- O.,..., nl  q- 2o. -- 1}. 
Summing both sides of (17) from nl + 2o. to nl  + 2a + k - 1, we obtain 
nl+2a+k-1 
Znl+2a+k z Znl+2a -- ~ hizi_k 
i=n l+ 2a 
nl+2a-l-k-1 ] 
< Znl+2a 1 - E hi • 
i=nl+2a 
(18) 
By (2), we have 
znl+2,+k <_ znl+2o(1 - a) _< 0, 
which contradicts (10). 
CASE 2. (k / (k+l ) )  k+l <a<l .  
Since (12) implies that  zn is nonincreasing on {nl + r + or, . . . ,  nl + 2a + Nk},  it follows that  
Zn-..__._~k >_ 1, for n E {nl  + 2or,..., nl  + 2o" + Nk} .  (19) 
Zn 
From (17), we get 
Zn+l - -  gn  q- hnzn <_ O, for n E {nl + 2o., . . . ,  nl + 2(7 + Nk} ,  
or 
and so 
hn <_l - -  
Zn+ 1 
Zn 
for n C {nl + 2o . , . . . ,n ,  + 2o. + Nk},  
1 1 Zi+l 
h,<-  z 1 -  , 
i=n-k i=n-k Zi / 
for n E {nl + 2o. + k , . . . ,  nl  + 2o. + Nk}.  (20) 
In view of (2) and (20), we have 
( ) a 1 Zi+l 1 zi+l ~<~ 1- -  - - - - -1-  - -  
i=n-k Zi k zi i=n-k 
( n~l ~l/k (Z__~_k)l/k 
<_ 1 - zi+-----!l = 1 - Zn 
\i=n-k Zi ] 
That  is, 
z____~n <l - -  
\ zn -k /  - k '  
Now observe that  
max 
0<A<_I 
Therefore, 
for n c {nl +2o. + k , . . . ,n l  +2o.+Nk}.  
k [(1 - = (k  + 
k 
l -A< 
- (k  + 1)( k+l ) /k  
•-l lk, for 0 < A <_ 1. 
(21) 
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and (21) yields 
i.e., 
Zn--k 
Zn . ~ [ k (k ) - l / k Jk  1 ( k ~k+l 
z~_k  - (k + 1) (k+l ) /k  = a \YT - - i}  ' 
- -  m~a 
Zn for n E {nl + 26 + k , . . . ,  nl -t- 26 -t- Nk}. 
Set c = a((k + 1)/k) k+l. It follows from (17) that 
Zn+l -- Zn -t- chnz~ < O, for n E {nl + 26 + k , . . . ,  nl + 26 -t- Nk},  
or  
and so 
h~< 1(1  - zn+l )  
C Z n 
for n E {nl + 26 + k , . . . ,n l  + 26 + Nk}, 
ac c ~ hi<_-k 1 -  , 
T < -k i= -k  i=n-k  z~ / 
for n E {nl + 26 + 2k , . . . ,  nl + 26 + Nk}. 
By repeating the above arguments, we find that 
(-~)k-F1 [ (_~)k-t'l] 2 
Zn--k ~ ac = a 
Zn for n E {nl + 26 + 2k , . . . ,n l  + 26 + Nk} 
and by induction, we have 
[ (~_~)k+l] Zn-____~k _> a 
Zn 
N-1 
for n E {nl + 26 + (N-  1 )k , . . . ,n l  + 26 + Nk}.  (22) 
On the other hand, put for n < t < n + 1, n E {nl + 26 + k , . . . ,n l  + 26 + (N-  1)k}, 
z ( t )  = z~ + (z~+l  - z~) ( t  - n)  
and h(t) = hn. Then z(t) is continuous and h(t) is piecewise continuous on [0, oo). Clearly, 
z(n) = z,~. It is easy to prove that 
z'(t) + h(t)z([t - k]) _< O, t > O, (23) 
where [.] denotes the greatest integer function. 
In the following, for convenience, when we write a inequality without specifying its domain of 
validity, we assume that it holds for n < t < n + 1, n E {nl + 2a + k . . . .  , nl + 2a + (N - 1)k}. 
In view of (4), we get 
~[t 
t p [t] [ t ] -  1 n -  1 
h(s)ds>/ h(s)d~= ~ hi= 
-k]  J [ t ] -k  i=[t]-k i=n-k 
hi ~ a 
and 
f f[~+k] It+k) h(s) ds > h(s) ds = Jt J[t]+l 
[t]-t-k n-t-k 
E h i= E hi_>a. 
i=[t]+l i=n+l 
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Thus, there exists a Xt E (t, [t + k]) such that 
J 
At 
h(s) ds = a. 
t
Let n* be a positive integer such that n* < Xt < n* + I. Then 
J 
At Ptl IX,]--1 7L*-1 
h(s) ds = 
[A, -kl J [A, -k] 
h(s) ds = c hi = c hi > a. 
i=[X,]-k i=n* -k 
It follows that [X, - k] 5 t. Integrating both sides of (23) from t to Xt , we obtain 
J 
Xl 
z(t) - z(A) 2 h(s),+ - k]) ds. (24) 
t 
It is easy to see that [t - k] 5 [s - k] 5 [Xt - k] < t for s E [t, Xt]. Again integrating both side 
of (23) from [s - k] to t, where s E [t, Xt], we get 
J 
t 
z([s - q - z(t) 2 h(u)z([u - k]) du. 
[s-k1 
Noting the fact that z(t) is nonincreasing, we have 
4s - 4) 2 44 + 4k - 4) iyk, h(u) du 
s 
= z(t) + z([t - k]) is;, h(u) du - J i t ’h(u) du L z(t) + 4[t - ICI) {a+(u)du}. 
(25) 
Substituting (25) into (24), we have 
J 
At. 
z(t) 2 z(h) + h(s)z( [s - k]) ds 
t xc 2 z(h) + J { h(s) z(t) + 4[t -4) (a-~Sh(n)du)} ds (26) t 
= z(Xt) + az(t) + a2z([t - k]) - z([t - k]) I”’ dsi3 h(s)h(u) du. 
Noting that 
AL 
J J 
.3 A\I 
J J 
Xl. Xl. A, 
ds h(s)h(u) du = du h(s)h(u) ds = ds h(u)h(s) dw 
t t t u J J t s 
we have 
s*’ ds /-’ h(s)h(u) du = ; 
t t 
s”’ 
t 
ds Is h(s)h(u) du + I^’ ds J’*’ h(s)h(u) du 
t s 
=- /*’ d$ h(u)h(s)du = f (LA’ h(s)ds)2 = ;. 
2 t 
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Substituting this into (26), we have 
a 2 
z(t)  >_ z(At) + az(t)  + --~z([t - k]). (27) 
Noting that 
z(~t)  > o, fo rn<t<n+l ,  nE{n l+2a+k, . . . ,n l+2a+(N-1)k} ,  
by (27), we get 
for n _< t <n+ 1, 
z([t - k]) 2(1 - a) 
z(t)  a 2 ' 
n E {nl + 2a + k , . . . ,n l  + 2a + (N-  1)k}. 
(28) 
Letting t --~ n, we get 
z~-k 2(1 - a) 
Zn a 2 ' 
Setting n = nl + 2a + (N - 1)k in (22) and (29), we obtain 
[ (kk l )k+l ]N-1  Znt+2a+(N-2)k a ~ <_ < - -  
Znl+2a+(N-1)k 
Hence, 
for n E {nl + 2a + k . . . .  ,nl  + 2a + (N-  1)k}. 
2(1 - a) 
a 2 
/n2(1 - a) - 2lna 
N<I+ 
lna + (k + 1)(In(k + 1)) - tnk) 
[ In2(1 -a ) -21na  ] 
< 2 + Zna + (~ - ~ ~) ( l~( ; : -~-~-~)  - tn(~ - ~)) ' 
which contradicts (3). 
PROOF (c). Otherwise, assume that there exists n2 ~ 0 such that 
yn = 0, for n E {n2,n2 + 1 , . . . ,n2  +a}.  
(29) 
From (1), we have 
which implies 
A(yn2+o + P~2+oYn2-~+~) = -qn2+oY~2 = O, 
Yn~+a+l -~ Yn2+a --Pn~+a+lYn2-v+a+l  Pn2+aYn2-v+a -~ O. 
By induction, we find 
Yn = 0, for n E {n2,n2 + 1, . . .} ,  
which implies that {y,~} is an eventually trivial solution of equation (1). This is a contradiction. 
Hence, the proof is complete. 
EXAMPLE 1. Consider the delay difference quation 
A(yn + 4yn-1) + 2yn-3 = 0, n = 0, 1 ,2 , . . . .  (30) 
Let Pn = 4, q,~ = 2, T = 1, a = 3. Then, a = 2/5 and N = 7+1 = 8. By Theorem 1, we 
see that every negative semicycle of every eventually nontrivial solution of equation (30) has at 
most 20 terms, every positive semicycle has at most 20 consecutive terms greater than zero, and 
every positive semicycle of every eventually nontrivial solution of equation (30) has at most three 
consecutive terms equal to zero. 
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